Effective atom-atom potentials are developed for binary sulfuric acid-water clusters and applied in a Bennett Metropolis Monte Carlo calculation to determine free energy differences for small neighboring sized clusters of fixed composition at 298 K. The atom-atom pair potentials consist of Lennard-Jones short-range and Coulombic long-range terms and assume rigid SO 4 2δ-with two unconstrained H δ+ and rigid H 2 O molecules interacting via revised central force (RSL2) potentials. The potential parameters are determined from both ab initio studies and tests of the potential using the statistical mechanical formalism for binary cluster size distributions. In the potential tests, fixed composition free energy differences, δf km,m , for [H 2 O] km [H 2 SO 4 ] m clusters are plotted versus (km + m) -1/3 , and the resulting slope and intercept (in the large cluster regime) are used to extract model dependent binary liquid surface tension and partial vapor pressures at 298 K. The potential parameters are adjusted to obtain approximate agreement with experimental surface tension and partial vapor pressures for k ) 1 and 4 (84% and 57% weight percent H 2 SO 4 , respectively). The free energy differences for m e 15 are presented, together with internal cluster energy contributions, snapshots of cluster structure, and evidence for onset of the large cluster regime near m ) 5. The long-range goals have been to test the free energy difference procedure for studying binary cluster properties and to develop model potentials appropriate for the simulation of small binary clusters at low temperatures characteristic of stratospheric sulfuric acid-water aerosols.
I. Introduction
Small binary clusters of H 2 O and H 2 SO 4 play a crucial role in atmospheric processes ranging from ordinary vapor-to-liquid nucleation [1] [2] [3] [4] [5] to acid rain formation [6] [7] [8] and ozone depletion mechanisms. 9-11 Doyle's early work 2 predicted that even in undersaturated atmospheres a sulfuric acid vapor pressure of 10 -9 Torr can produce binary nucleation with water. The ability of H 2 SO 4 to enhance nucleation together with its proposed role in ozone depletion has generated great interest in the formation of H 2 O-H 2 SO 4 clusters. The actual process of cluster formation is further complicated because sulfuric acid dissociates in water. This raises questions regarding the role of neutral (H 2 SO 4 ‚H 2 O) versus ionic (HSO 4 -‚H 3 O + ) complexes in the kinetics of the clustering reactions prior to the formation of atmospheric aerosol. Recent evidence suggests that low-temperature liquid sulfuric acid clusters absorb nitric acid. [12] [13] [14] Once formed, these mixed clusters of H 2 SO 4 ‚HNO 3 ‚H 2 O grow by subsequent adsorption of water and nitric acid vapor monomers. It has been recognized that the resulting ternary aerosols facilitate heterogeneous chlorine activation in polar stratospheric clouds which depletes the ozone directly. 9, 15 However, the detailed clustering reactions and ternary composition remain unclear. [16] [17] [18] The precise role that sulfuric acid and water clusters play remains an open question. 9, 19 Of the experiments on vapor to liquid binary nucleation of water and sulfuric acid, [20] [21] [22] [23] [24] [25] two report absolute nucleation rates and the remainder note conditions for onset. The analyses of the data (most of it taken near 298 K) reflect the difficulties encountered when working with this system. One difficulty is the extremely low partial vapor pressure of sulfuric acid. A second difficulty lies with the assumptions used in classical nucleation theory (CNT). CNT treats small molecular clusters as if they were tiny liquid droplets characterized by a bulk surface tension and liquid number density. Furthermore, the classical binary nucleation rate depends exponentially on σ 3 , where σ is the composition dependent binary liquid surface tension for the critical cluster. 2, 4, [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] A 10% error in σ can affect the nucleation rate by as much as 8 orders of magnitude. In many systems of interest, the critical cluster size is of the order of 10-100 molecules, making the use of bulk surface tension suspect. Another concern is that atmospheric binary nucleation often occurs under conditions where surface tension and density data are unavailable. The binary surface tension H 2 SO 4 ‚H 2 O displays large compositional gradients implying pronounced surface enrichment effects. 33 Despite these issues, estimating the onset of nucleation with the classical model has met with some success. 25 However, predicting the temperature dependence of the nucleation rate, J, has presented serious difficulties, 23 with the ratio of experimental to theoretical nucleation rates ranging from 10 -10 to 10 10 .
The goals of the present work have been to use a statistical mechanical formalism 36 to determine binary cluster size distributions, to extract an effective surface tension for molecular clusters of fixed composition, and to relate a set of such fixed composition data to the energy of formation of an arbitrary binary critical cluster. Part of the difficulty in binary nucleation formalisms is that one must optimize the critical cluster size and composition for each physical data point. (A data point consists of temperature, T, and activities, a i ) P i /P i o where i ) 1 and 2, P i is the ambient vapor pressure of species i, and P i o is the equilbrium vapor pressure above the pure liquid.) This means that for a single experiment one needs a range of information about how the cluster free energy of formation depends on size, n, and cluster composition (n ) n 1 + n 2 , where n 1 and n 2 are the number of molecules of species 1 and 2, respectively). For example, it would be useful, but not sufficient, to know the discrete molecular formation energies for the addition of successive H 2 O molecules to a single H 2 SO 4 molecule. It is with the desire to determine the composition and size dependent information in some useful way that we have focused our attention on a statistical mechanical formalism for the cluster distribution function, N km,m , where km and m are the number of water and sulfuric acid molecules, respectively. This allows the binary cluster composition to be represented by the water to sulfuric acid molecular ratio, k ) km/m. The goal is to calculate the free energy differences (between the (km, m) and [k(m -1), (m -1)] clusters) for a series of clusters with k fixed. Finally, we want to show how this information can be used to determine the maximum in the free energy of formation (find km* and m*) given the experimental conditions (T, a 1 , and a 2 ). Our intent is to (1) develop simple effective pair potentials for the watersulfuric acid system which produce an effective small cluster surface tension consistent with the bulk experimental values at k ) 1 and 4 (a range of composition relevant to stratospheric aerosols), (2) to demonstrate that a Bennett Metropolis Monte Carlo 37 approach can yield neighboring sized free energy differences which are linear in (km + m) -1/3 for fixed composition when km + m is sufficiently large, and (3) to indicate how the statistical mechanical formalism predicts a critical cluster size ((km + m)*) and composition (k*). In this paper, we report the results of our model effective pair potentials and the calculation of free energy differences for two compositions at T ) 298 K (where reliable experimental data exist for aqueous sulfuric acid surface tension and liquid density). In the course of describing the formalism, we point out that the potentials must reproduce not only the effective large cluster surface tension, σ(k), but also the correct partial vapor pressures above the bulk binary solution with molecular ratio, k. The latter feature of the model emerges from the statistical mechanical formalism using a fixed number density for model clusters at fixed k.
The statistical mechanical formalism for binary clusters is described in section II and the atom-atom pair potentials which assume rigid SO 4 2δ-and H 2 O structures with two unconstrained H δ+ ions free to bond with either species are described in section III. In determining the parameters for the atom-atom pair potentials, use is made of ab initio studies of small clusters using GAMESS 38 quantum chemistry software and experimental properties of aqueous sulfuric acid mixtures. The free energy difference calculations are described in section IV and results and conclusions are given in sections V and VI.
II. Binary Cluster Statistical Mechanical Formalism
A. Classical Model in Terms of km and m. Binary clusters with discrete numbers of molecules are denoted by (km, m), where (as described above) km is the number of molecules of species 1 and m is the number of molecules of species 2. The composition of the cluster is determined by k, the molecular ratio, and the overall size by is determined m. To estimate a classical nucleation rate, J, one must know N km,m /V, the number concentration of the binary cluster. For comparison, some quantities in the classical binary nucleation model are introduced and cast into the (km, m) cluster notation. In the classical model,
, where c o (defined below) is related to the monomer concentrations and ΔΦ(k, m) is the classical free energy of formation of the (km, m) cluster from km monomers of species 1 and m monomers of species 2. To simplify notation, ΔΦ(k, m) is divided by k B T, where k B is the Boltzmann constant and T is the temperature. Under normal conditions (fixed T and the species' partial vapor pressures, P 1 and P 2 ) the free energy surface ΔΦ(k, m) has a saddle point at the critical cluster size denoted by k* and m*.
The kinetics of multicomponent nucleation display a greater degree of complexity than unary systems because of the variety of possible reaction pathways. Previous 4, 29, 30, 32, 35, [39] [40] [41] [42] [43] studies have investigated binary nucleation fluxes both along the thermodynamic minimum free energy path and those that deviate from this path. A feature called "ridge crossing" can appear for fluxes that do not follow the thermodynamic path of steepest descent. In these cases, the cluster flux travels not through the free energy saddle region but instead skirts over an adjoining ridge. The flux may then continue along a path far removed from that of the lowest free energy. Typically, the clusters associated with the flux along the path of minimum free energy have been assumed to have the greatest affect on the nucleation rate. In general, ridge crossing may be important for systems with broad, flat saddle regions accompanied by large differences in their vapor pressure (kinetic forcing). The identification of those clusters most relevant to the nucleation rate is more difficult for systems that display deviations from the minimum free energy path. Thus, in a rigorous calculation of the binary nucleation rate it is necessary to take into account the growth and decay of clusters with respect to both species. However, in many cases, the nucleation flux grows quickly to a steady-state value and the classical steady-state nucleation rate, J, is well approximated by the product of the number concentration of the critical cluster, N km*,m* /V, and the "nucleation flux" of monomers of both species to the critical cluster, Z kinetic . Of the several models for J, there are some differences in Z kinetic . 35 However, the basic form of the so-called "classical model binary nucleation rate", J classical , is 3, [26] [27] [28] 34, 44 where c o (k) ) (N 1,0 pure /V) k/k+1 (N 0,1 pure /V) 1/k+1 and N 1,0 pure /V and N 0,1 pure /V are the vapor monomer concentrations above the bulk pure liquid of species 1 and 2, respectively. The c o (k) has also been a point of some debate, but the form given above (as pointed out by Wilemski and Wyslouzil) is consistent with the law of mass action. 35 In terms of k and m, the classical model ΔΦ(k, m) takes the form 2, 5, 29, 33 where A(km + m) 2/3 ) 4πr 2 σ/(k B T) is the energy required to form the surface of the binary cluster and the supersaturation S i ) P i /P io and P io is the equilibrium partial vapor pressure of species i over the binary bulk solution at temperature T and composition k. The r and σ(k) are the classical radius of the cluster and the bulk liquid solution surface tension. Using the molecular number density in the liquid solution, F liq.sol. , to relate r and (km + m), one finds A line of maxima of ΔΦ(k, m) can be determined from (∂ΔΦ/
∂m) k ) 0 from which one obtains the following expressions: or and where
, and the mole fraction with respect to water is given by
. This is just the form for the free energy of formation at the saddle point, except that one has not yet determined k*. Wilemski 33, 45 has pointed out that in the classical model the critical composition of the bulk region of the cluster, k b , satisfies the following expression involving the supersaturations, S 1 and S 2 , and the partial molecular volume of species i,
The k b * is determined by varying k until eq 8 is satisfied. This procedure requires a model for the cluster "bulk" and "surface" molecules, particularly when surface enrichment occurs.
In a statistical mechanical model for small clusters, however, the cluster is defined to be the system containing km + m ) n molecules (or atoms), all of which share equally in generating phase space points for the system ensemble. Thus, in the statistical mechanical model, one must determine k* by locating the saddle point of ΔΦ(k, m(k)) (that is, where ΔΦ in eq 7 is minimized). The latter condition is satisfied when the so-called scaled supersaturation of Binder and Stauffer, 30 
The k ) k* which maximizes the scaled supersaturation thus determines the size of the critical cluster and its energy of formation:
Using this procedure, one can scale the binary critical cluster energy of formation in a manner similar to the unary case. 46, 47 B. Statistical Mechanical Formalism. The statistical mechanical formalism for binary clusters used in the present calculations is based on a formalism developed by Hale and Ward 48 for single component clusters 49, 50 and extended to binary systems by Hale and Kathmann. 36 This formalism, which treats the vapor-binary cluster system with the classical grand canonical partition function, is based on the following assumptions. (1) First, it is assumed that the binary vapor system with volume, V, is a mixture of noninteracting ideal gases, with each distinct binary cluster (km, m) constituting an ideal gas system. Thus, one obtains the following expression: 51, 52 where μ km,m and Z km,m are the chemical potential and canonical partition function of the (km, m) cluster. (2) Second, the assumption is made that each ideal gas composed of N km,m clusters is in equilibrium with N 1,0 and N 0,1 monomer "clusters" in the vapor-cluster system. That is, for the model water and sulfuric acid binary system This dynamic equilibrium assumption gives μ km,m ) kmμ 1,0 + mμ 0,1 , and thus the chemical potentials cancel in eq 11. (3) The final assumption of the model is that the (km, m) cluster is described by a classical Hamiltonian with three independent configurational and three independent momentum degrees of freedom per atom and an interaction potential, U ) ∑ ij U(|r ir j |), dependent only on position vectors, r i . For such a system, the integrations over the classical momenta (the classical translational partition functions) cancel in eq 11, and one obtains the following form for N km,m in terms of the (km, m) cluster configurational integral, Q km,m :
After multiplying and dividing the right-hand side of eq 13 by the product Π m′)1 m′)m-1 Q km′,m′ , one can derive the following form for N km,m :
where the symbols in eq 14 are defined as follows:
and The N°1 ,0 (k)/V and N°0 ,1 (k)/V are the equilibrium concentrations of monomers above the bulk liquid solution with composition,
ln 
This formalism has been derived specifically to calculate free energy differences, -δf km,m , in binary cluster Monte Carlo simulations. The simulation volume for the (km, m) cluster, V km,m , is defined by where R is a constant chosen to minimize the effects of cluster boundary conditions. The combinatorial factor, km e 1 for m larger than five and f 0 as m f ∞.
The variation of ln(N km,m ) with respect to m holding k fixed is the discrete version of the partial derivative with respect to m:
which is simply the quantity in braces {‚‚‚} in eq 14 evaluated at the upper limit of the sum. It is useful to compare δ m ln(N km,m ) k to what one expects in the classical nucleation model,
In making the approximation, δ m ln N km,m ≈ -∂ΔΦ km,mk ∂m| k , one obtains an expression which provides some insight into how -δf km,m depends on km + m and how one might predict experimental quantities from the calculated free energy differences. That is, one finds (for
Equation 23 is used to analyze the calculated free energy differences. However, this expression is not needed to determine N km,m /V (nor equivalently to calculate the statistical mechanical free energy of formation). In the statistical mechanical model, one simply sums the free energy differences. In any case, it is useful to plot the calculated data for the left-hand side of eq 23 versus [km + m] -1/3 for k fixed. If the calculated free energy differences (for fixed k) are well approximated by eq 23, then the data in the large cluster regime should approach a straight line with slope equal to -2 / 3 A and intercept given by the I 1 and I 2 . In the statistical mechanical model, one can show that in the limit as m f ∞, for fixed k, and S 1 (k) ) S 2 (k) ) 1, the following condition holds:
One can think of the large cluster -δf km,m data (dependent as they are on the model potential parameters) as predicting an effective surface tension (to be compared with the experimental bulk liquid surface tension, σ(k)) and an extrapolated intercept (to be compared with the experimental values for ln I 1 (k), ln I 2 (k), and F liq.sol. ). The latter I 1 (k) and I 2 (k) are determined from the partial vapor pressures and liquid solution density at composition k. In practice, the experimental intercept provides a scale for the magnitude of the calculated -δf km,m . The intercept is thus related to the chemical potential of the molecules within the clusters. Furthermore, the data for model sulfuric acidwater clusters should fall above the equivalent C km)n data for model water clusters. 50 The statistical mechanical formalism for -δf km,m provides an alternate way of looking at cluster energies of formation. For example, the extremal value of the "free energy of formation" in the statistical mechanical formalism can be found from eq 22 by setting δ m ln(N km,m ) k ) 0: from which one can determine the k dependent value of m*(k). If k ) k* (the critical composition) then m*(k*) ) m* and the binary critical cluster size is determined. The task thus returns to the determination of k*. The rigorous approach calls for using δ k ln(N km,m ) m ) 0 and the calculation of -δf km,m for a range of k values. This is a formidable task which we propose can be simplified by noting the relationship between k and the slopes of the -δf km,m /k+1 versus (km + m) -1/3 .
In the present work, the -δf km,m are calculated for two values of k using a Bennett Metropolis Monte Carlo technique 37, 53 and effective atom-atom pair potentials for the interactions described in the next section. Because no dissociative potentials were available for the H 2 SO 4 -H 2 O system, it was necessary to develop the potentials as part of this investigation.
III. H 2 SO 4 -H 2 O Potential Model
Because stratospheric conditions allow for the formation of supercooled sulfuric acid aerosols 54 58 However, the ionic complex becomes more stable as ambient water monomers cluster around the neutral complex. 59 Studies imply there must be rather complicated reaction schemes in order to account for the hydrogen transfer mechanisms between molecules/ions in these small clusters. 60 61 (where all sulfur-oxygen bonds are tetrahedrally coordinated around the sulfur) is used as a starting point for the SO 4 -2 geometry (see Figure 1 for details of the SO 4 2δ-structure). The sulfur atom in the sulfuric acid molecule is said to be "hypervalent", thus, allowing the sulfur atom to maintain two S-O single bonds and two SdO double bonds. It is the S-O single bond groups which are bonded to the hydrogen atoms. In the model, this is reflected in two different effective charges for the O atoms in the H 2 SO 4 molecule. It is assumed that the water molecules, sulfate ions, and hydrogen ions in the binary clusters interact through combined
-
Coulomb plus Lennard-Jones effective atom-atom pair potentials given by 36 r ij , σ i , i , and q i are the distance between atoms i and j, the Lennard-Jones distance parameter for atom i, the Lennard-Jones well-depth parameter for atom i, and charge for atom i, respectively. For the water-water interactions, the revised central force potentials RSL2 62 are used. The combination rules σ ij ) (σ i + σ j )/2 and ij ) i j are assumed in eq 26. The fundamental potential parameters q i , σ i , and i , have been chosen in part from the results of GAMESS 38 quantum mechanical studies of sulfuric acid and water and in part from empirical studies of sulfuric acid and water as described below.
The relative magnitudes of the Mulliken charges q i were obtained from quantum chemical calculations using a Gaussian DZV+3P basis set at the restricted Hartree-Fock level of theory. 38 Initially, these relative charges were scaled to match experimental dipole moments. The trial potentials were then used to produce a plot of -δf km,m versus (km + m) -1/3 for k ) 1 and 4 at 298 K. The intent was to extract from the plot a potential model dependent bulk liquid solution surface tension (proportional to the slope) and model dependent partial vapor pressures (from the extrapolated intercept) of the calculated data.
The experimental values for the surface tension at T ) 298 K for k ) 1 and 4 are 68.5 and 76.0 dyn/cm, respectively. The experimental equilibrium partial vapor pressures for sulfuric acid and water at T ) 298 K for k ) 1 and 4 are P k)1 wo ) 3.9 × 10 -2 Torr and P k)4 wo ) 5.0 Torr (for water) and P k)1 ao ) 1.6 × 10 -5 Torr and P k)4 ao ) 1.3 × 10 -9 Torr (for sulfuric acid). A major complication was the necessity to obtain a realistic dependence on the composition, k. First, the potential parameters (essentially the q i ) were varied in a range that kept the resulting dipole moments for sulfuric acid and water close to their experimental values. It was found that the k ) 4 cluster results consistently predicted an intercept that was much larger than the experimental intercept. Next, an attempt was made to include polarization effects by placing a scalar isotropic polarizability on the oxygen site of each water molecule. This increased the computational effort considerably, and the problems associated with the compositional dependence not only persisted but were amplified. Thus, (having produced no improvement in the potential and making the search less tractable) the polarization terms were dropped. The procedure thus became one of varying the potential parameters without restricting the charges to yield experimental dipole moments but still keeping the species neutral. The goal was to obtain approximate agreement with experimental bulk liquid solution surface tension (for both k values in the large cluster regime) and to obtain extrapolated intercepts which were consistent with experimental partial vapor pressures. This involved simulating clusters as large as km ) 60 water molecules and m ) 15 acid molecules for k ) 4. The final potential parameters which produce reasonable agreement with experimental surface tension and partial vapor pressures at 298 K are given in Table 1 for sulfuric acid and water.
IV. Cluster Free Energy Differences
The Bennett Metropolis Monte Carlo technique 37 provides a convenient method of calculating the configurational free-energy difference, Φ B -Φ A ) -ln(Q B /Q A ), between two systems, A and B, with differing interaction potentials. In the present calculations, the free energy differences, C′ km,m ≡ ln[Q B /Q A ], are given by eq 17. Thus, A and B refer to cluster systems A and B each containing km molecules of species 1 and m molecules of species 2. The interaction potentials in the two systems differ as follows. In the B ensemble, all molecules (and their constituent atoms) interact normally. In the A ensemble, the interactions of k "probe" molecules of species 1 (water) and a single "probe" molecule of species 2 (sulfuric acid) with the rest of the cluster are "turned off" so that the probe molecules behave like k + 1 free molecules in the simulation volume, V km,m (see Figure 2) . In this way, the B ensemble models the (km, m) cluster and the A ensemble models the (k(m -1),(m -1)) cluster and k + 1 free monomers in the volume, V km,m . A practical approach is to reduce the interactions of the probes with all other molecules by a factor, λ , 1. In the limit as λ f 0, the free energy differences approach the physical descriptions given above, and the configurational partition function for the A ensemble becomes Q A ) Q k(m-1),(m-1) (Q 1,0 ) k (Q 0,1 ). The total potential energy U A of the A ensemble is written in terms of λ as follows:
where u ij is the interaction potential between the ith and jth atom and the first summation is over all fully interacting atoms. The second summation includes only those interactions in which atoms of the probe molecules (denoted by index l) interact with As described in section III, using eq 23, one can extract an approximate "effective binary surface tension", σ(k), for the binary clusters from the slope of -δf km,m /[k + 1] providing all of the -δf km,m have the same composition, k, and all of the model cluster densities approach the same F liq.sol. as m f ∞. It is for this reason the -δf km,m are calculated for a range of m values at fixed k and for cluster simulation volumes having the same number density. To examine "effective cluster surface tension" at another composition, k, one must repeat the Monte Carlo simulations for a range of m values at a different simulation volume number density.
The Metropolis Monte Carlo technique 53,63 is used to calculate canonical ensemble averages of the model clusters. For this purpose, a cluster of sulfuric acid and water is defined as km + m molecules confined to move within a spherical volume, V km,m , (see eq 21) which is R times larger than the bulk liquid volume F liq.sol.
-1 of solution 64 for an equivalent number of molecules. In the present work, we set R ) 5. Lee et al. 65 noted that the Helmholtz free energy for small Lennard-Jones argon clusters is relatively insensitive to the simulation radius, r sim , for R ≈ 5. Some studies of the dependence on R were made for small water cluster free energy differences 66 and for a few small (km, m) clusters. It was found that R ranging from 5 to 7 produces values of -δf km,m within the normal uncertainty range. The latter uncertainty is (in these calculations) about (0.5 for -δf km,m /(k + 1). The initial molecular configurations were chosen at random using an algorithm which performed random molecular translations and rotations until all of the molecules fit within the simulation volume V km,m and every atom was at least a specified distance (2 Å) from atoms in another molecule.
At each Monte Carlo step during the simulation, random displacements (and rotations) are generated for all rigid units (H 2 O, SO 4 2δ-, and H δ+ ) simultaneously. If this results in the placement of any atom outside the constraining volume, the process is repeated until all atoms are within V km,m . Random translations occur simultaneously along three mutually orthogonal directions (x, ŷ, ẑ), and random rotations are made about one of the axes chosen at random. The maximal displacement is of the order of d max ) 0.04 Å, and the maximal rotation is about max ) 0.06 rad. The value used for the free energy parameter is λ ) 10 -5 .
A probe set (k +1 probe molecules) must be chosen for both A and B ensembles and consists of k water molecules plus one sulfuric acid molecule. In the A ensemble, the probe set is uniquely determined by those atoms whose interactions are reduced by λ. In the B ensemble, however, any set of k water molecules plus one sulfuric acid molecule serves as a probe set. One can greatly increase the efficiency of determining 〈f (-ΔU -C)〉 B by averaging f (-ΔU -C) over multiple probe sets. In the interest of maintaining manageable run times, the present calculations made averages over m 2 probe sets (for k ) 1) for the smaller clusters. For larger clusters and for k ) 4, up to 40 probe sets were included. Some of the calculations for m > 10 included 120 probe sets.
In generating the free energy differences, it is necessary to make several runs for each cluster, starting from different initial configurations. A tractable approach is to equilibrate the B ensemble cluster and then create an A ensemble cluster from the final B configuration. Additional starting configurations can be generated by switching the A and B cluster configurations, by adding molecules to smaller clusters, or by heating the cluster then quenching to the simulation temperature. One must also monitor the ΔU in each ensemble as its distribution is a means of monitoring the sampling process. As a secondary monitor, the average cluster potential energy divided by m (the number of acid molecules) is plotted versus m. From this plot, one can detect unequilibrated clusters and other anomalous cluster states, which generally are related to trapping in potential energy wells. 
About two million Monte Carlo steps are required for the smaller cluster equilibrations. For the larger clusters (and depending on the starting configuration), longer runs of 6-10 million were used. Two independent Bennett Metropolis Monte Carlo computer codes were generated for simulating the (km, m) clusters, and all of the free energy differences, -δf km,m , were determined from both codes and checked for consistency.
V. Simulation Results
The calculated values of the free energy differences, -δf km,m , for the model binary sulfuric acid clusters at 298 K for two compositions, k ) 1 and 4, (corresponding to 84 and 57 wt % sulfuric acid, respectively) are shown in Tables 2 and 3 Before discussing the results, it is noted again that the goal of this study has been to develop effective water-sulfuric acid atom-atom interaction potentials appropriate for simulating small binary clusters of H 2 O and H 2 SO 4 . The specific procedure has been to require that the model Lennard-Jones plus Coulomb atom-atom pair potentials produce (at 298 K and at two compositions, k ) 1 and 4) cluster free energy differences, -δf km,m , whose large cluster slope versus (km + m) -1/3 agree approximately with experimental bulk liquid solution surface tension and whose extrapolated intercept (as m f ∞) is consistent with the experimental partial vapor pressures. The intercept is proportional to the overall magnitude of the free energy differences, and the slope is proportional to the surface tension. The results in Figures 4 and 5 thus represent the degree to which the effective atom-atom potentials model the binary clusters with varying composition and size and remain consistent with the experimental binary surface tension and partial vapor pressures of water and sulfuric acid at 298 K. The intent is to use these potentials to describe cluster systems at lower temperatures, 190-240 K, characteristic of stratospheric conditions and over a range of compositions, k. In binary nucleation problems, it is essential that a viable microscopic model account accurately for the compositional dependence of the cluster energy of formation. UB, Uaa, Uaw, and U are the total acid-acid potential energies, acidwater potential energies, and water-water potential energies, respectively. All interaction energies are in kcal/mole. MC steps denotes the total number of Monte Carlo steps (in million) required to achieve equilibrium and to calculate the -δfkm,m. m is the number of sulfuric acid molecules and T ) 298 K. UB, Uaa, Uaw, and U are the total acid-acid potential energies, acidwater potential energies, and water-water potential energies, respectively. All interaction energies are in kcal/mole. MC steps denotes the total number of Monte Carlo steps (in million) required to achieve equilibrium and to calculate the -δfkm,m. m is the number of sulfuric acid molecules and T ) 298 K. The plots of -δf km,m /[k + 1] versus m -1/3 show that the model potentials give free energy differences which rise rapidly for m ) 1-5 and then begin to level out. The total number of molecules in the clusters at m ) 5 are km + m ) 10 and km + m ) 25 for k ) 1 and 4, respectively. It appears to be within this size range (10 molecules) that most clusters begin to display "bulk" properties associated with the slope and intercept analysis described above. A similar result was found for small model RSL2 water clusters and for model argon Lennard-Jones clusters 50 and for TIP4P water clusters. 67 For m g 5, the slopes in Figures 4 and 5 display reasonable agreement with the experimental bulk surface tension prediction (dashed lines). One of the major problems in developing the potential model is obtaining consistent k, or composition dependence. When -δf km,m is divided by (k + 1), the free energy differences approximate a "per probe molecule" value. Despite this "scaling" in k, obtaining a good k dependence (agreement with the experimental intercepts) requires a careful balance of the acidacid and acid-water interaction strengths. The calculated data in Figures . This is consistent with a lower vapor pressure for pure sulfuric acid compared to the larger vapor pressure for pure water. Any model potential capable of describing small watersulfuric acid clusters should reproduce this behavior. Similarly, if the results of calculations such as these are to predict binary cluster energies of formation (and nucleation rates) the "effective surface tension" composition or k dependence must be adequately modeled. In these respects, the results shown in Figures  4 and 5 for the model potentials appear to have passed a modest requirement. Future developments of the potential are certainly in order, particularly with respect to incorporation of accurate ab initio cluster energetics, structures, hydrogen motion, and charge distributions.
Experimentally it has been shown that as H 2 O is added to pure bulk H 2 SO 4 the surface tension increases. 69 In standard liquid solution analysis, this implies that the H 2 O resides primarily in the bulk of the mixture rather than at the surface. 70 Furthermore, the temperature dependence of the measured surface tension of sulfuric acid-water solutions indicates that the excess surface entropy per molecule is lower than the excess surface entropy per molecule for pure water. 70, 71 This seems plausible considering the extensive hydrogen bonding and strong chemical affinity H 2 SO 4 has for H 2 O. In Figures 4 and 5 , note that -δf km,m has been scaled with 1/(k + 1) so that the slope of the k ) 4 data is smaller than that for k ) 1.
Snapshots of the (km, m) ) (8, 2) and (20, 5) clusters at 298 K indicate that both the hydrogen ions and the hydrogen atoms from water molecules form hydrogen bonds between water molecules and sulfate ions. The sulfate's oxygen atoms also appear to bond with other sulfur atoms. The simulated model clusters display morphology which suggests that water molecules tend to form rings through the centers of which sulfate ions hydrogen bond to one another. The water rings appear to vary in number and shape with six-membered rings occurring most often.
The relative root-mean-square displacements of the ions and molecules indicate that H δ+ ions have a greater mobility than either H 2 O or SO 4 2δ-. The hydrogen ions in this model appear to interact with many neighbors and can, in some cases, diffuse away from their "parent" sulfuric acid molecules. To determine whether clusters described with this potential model exhibit size effects and surface enrichment/deficiency at larger sizes, further study with larger clusters at various compositions and temperatures will be necessary.
Figures 6 and 7 indicate the behavior of the average total potential energy, U B , and the water-water interaction potential energy, U ww , in the B cluster, where all of the km water molecules and m sulfuric acid molecules are interacting fully. These calculated potential energies, together with the acidacid, U aa , and acid-water, U aw , are given in Tables 2 and 3 . In Figure 6 , the total potential energy (divided by m) versus m indicates the monotonic increase in total energy as m increases for k ) 1. For k ) 4, there appears to be some scatter in the -U B /m values when m > 5. This could be a cluster size effect but might result from limited sampling of configurations in the larger clusters. The plot of -U ww /km in Figure 7 shows distinct m dependent variations in the water-water binding for k ) 1. This is surprising because the total potential energy for k ) 1 showed no evidence of these oscillations. The same oscillatory behavior appears in the k ) 4 water-water interaction energy. A speculation is that these oscillations are associated with sixmembered ring structure of the water. Note that the k ) 4 clusters contain 35, 50, and 75 molecules for m ) 7, 10, and 15, respectively. This corresponds to 133, 190, and 285 atoms, respectively, in each cluster. The larger clusters require longer Monte Carlo runs and appear to be less liquidlike than smaller clusters, suggesting that larger clusters tend to become trapped in energy wells. Many of these clusters were simulated in multiple runs starting from different initial configurations. It is interesting to speculate whether the total potential energy in such model clusters can be smoothed out naturally at the expense of switching potential energy between water-water, acid-water, and acid-acid bonds. If this is the case, the free energy differences have a greater probability of being well behaved and reflecting fewer structural and surface enrichment anomalies.
In the present molecular model, it is of interest to see whether the neutral or ionic complex of sulfuric acid monohydrate is preferred. Simulation results show that the neutral complex is allowed. In this case, the water's oxygen atom is directed toward the sulfuric acid's hydrogen atom. However, with two or more water molecules, the model appears to allow dissociation. The mobility of the H δ+ ions in this model can result in the formation of hydrogen bonds between the water molecules and the sulfate ion(s). Another feature of the model cluster morphology is an apparent "linking" of several water rings to provide a "web" in which the sulfate and hydrogen ions are embedded. The linking of these water rings leaves "channels" through which the sulfate anions are hydrogen bonded to one another down the center of the ring channel. Further simulations should provide information regarding the stability, compositional-dependent structure, and size-dependent structure of these clusters.
VI. Conclusions
This work has presented a molecular simulation of small sulfuric acid-water binary clusters using effective atom-atom potentials which were developed and calibrated at 298 K to yield approximate agreement with the experimental bulk solution surface tension and partial vapor pressures. A special feature of the potential model is the flexibility of hydrogen ion transfer within the clusters. The potential model has been developed within the framework of a statistical mechanical formalism for binary clusters which allows one to calculate free energy differences between neighboring sized clusters with the same mole fraction. These free energy differences, which were calculated for series of small clusters at two mole fractions can be used to determine binary cluster free energies of formation and to predict binary cluster size distributions. As an example, using eqs 14-20 and results of the present calculations for k ) 1, one can estimate the concentration of (1, 1) water-sulfuric acid dimer clusters at 298 K and a relative humidity of 50%. Assuming a concentration of sulfuric acid monomers, N 0,1 /V ) 10 11 cm -3 :
The latter concentration can be compared to the prediction of the concentration of water dimers (at the same relative humidity) from the simulations on model RSL2 water clusters, ≈10 13 cm -3 . 50 It is with such estimates at lower temperatures (190-240 K) in mind that the binary statistical mechanical formalism for free energy differences and the model water-sulfuric acid potentials have been developed. The approach provides a general framework which can be applied to other small binary systems such as nitric acid and water. 
